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Electrostatic Screening: pger = Qdg

Point charge in vacuum = long-range Coulomb potential
In a material = material reorganises itself, total potential
(Coulomb + response) is screened,

Behaviour depends on whether charge carriers are mobile,
Empirical models:

Vacuum Total screening Partial screening

V(%) = Veptaer (x) V(x) = —& ekl Vix) = —2
47 |x| Ame,|x|
_Q
4r|x|’ Yukawa potential with Dielectric constant of
; 1 2
Ganllsrd et nidal screeening length k ) the material e, > 1
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Reduced Hartree—Fock (rHF) - finite systems

Coulomb operator:

)= | -yl

f'

Finite Systems
Total potential V satisfies:

V = Vext + Ve F, (V)

/R3F5F(V)=/V1

where: Ny — number of electrons,

Vext — external potential

Potential-to-density:

P) 4 Fo(V)(X) = fop (—

X—ER 1

x)=(1+et)

Fermi—Dirac distribution:

A+ V)(x,x)

kg - Boltzmann const.
T - temperature
ep - Fermi level

Hartree

RPA
Schrodinger—Poisson
KSDFT w/o XC

Hartree—Fock w/o exchange “;
g
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Reduced Hartree—Fock (rHF) Finite Systems

Total potential V satisfies:
1 1
E()=Tr <—§A7> + / Vextpy + §/pv"cpv V = Vext + veFe (V)
Convex variational problem /3 Fer(V) = No
@ existence 7y and uniqueness py ®
(neutral or positively charged systems) Ng = # of electrons
[J-P Solovej, 1991] Vext = external potential
@ thermodynamic limit / periodic problem
[I. Catto, C. Le Bris, and P-L Lions, 2001] [ y_p(x) = L [ 20 4
[E. Cances, A. Deleurence, and M. Lewin, 2008] 4t | |x—y|

F(V)(x) = for (= A + V) (x,x)
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Reduced Hartree—Fock (rHF) Finite Systems

— Woer = Winal + Vper Fep (Wpper) Total potential V satisfies:
unique solution of the periodic rHF problem
g P P V = Vit + veFep (V)

Defect Problem /3 Fer(V) = N
R

Change in potential V satisfies:

V' = Vet + vc (Pv — po) N = # of electrons
py = FaF(Wper + \/) Vext = external potential
Finte temperature: small defects are totally screened vep(x) = 1/ p(y)
[A. Levitt, 2020] P " | x—y
e.g. Vief = % for Q small enough, F.(V)(x) = fSF( — A+ \/)(ny)

V/(Vger) decays exponentially
{_A(Vperp) =p—- ﬁ frp

=0t

Zero temperature: partial screening
[E. Cances, M. Lewin, 2010]
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|deas in the proof

V = Vet + ve(pv — mo)
@ Linearise: V = Ve + vexoV and thus Notation:
V=1,V (x)e4>dgq
| (1 -1 B "4 iax
V(Vaer) = € Vaet = (1 — vexo) ™ Vaet AV = fu(AgVo)(x)e>dg
where py = po + xoV +---. Ho = —A + Wper
® Xo,kk'(q) = (€K, X0,qk’) Where ex := e, Ho.q =, €nq |Ung) (Ung]

o For example, K =K' =0

En — Em
X0,00 Z][ gnk ’Unk| dk + Z][ ( k EF( k) |<q vUmk,”nk>‘2dk

5n k — Emk)3

=-DOS—gq’

where 0 < L € ngm /ﬁ:
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V(Viger) = € Vet = (1 — vexo) ™ Vier

Finite temperature: xo(q) = —DOS and Vger = Q then

Ix]

\7( ) 1 Q Q . y Qe—\/DOS\x\
= = l.e. =Q—
P71y D%5gP ~ JqP +DOS X

Insulators: xo(q) ~ —q' Lq and

V(q):#izi e V= Q 1
1+ "lg‘g" 9> q"™Mgq T Vdet M |5 T pf-12
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Metals at Zero Temperature

.. (e — (e
X0,00(q) — ][ €F( k+q) EF( k) |<Uk7 Uk+q>|2 dk
B €k+q — €k

Free electron gas, &4 = |k|?

_ e,
V(Vier) = e Vet = (1 — vexo) 1‘7

|
sin(2kp|x| + (d —2)5
x4

2kp

as |x| — oo.

{k: ex = er = (kr)?}
' ' ' /ﬁ:m/ls



Metals at Zero Temperature

More generally,
1 °F
Vi) = tm [ [ Galeyi E)V()Galy, xi E)yde
—oo JR

where

Go(x,y; E) = Iimf Meik(x_y)dk
nl0 Jg E+in—ck

@ Asymptotic behaviour of the Green's function
(contour deformation + stationary phase argument)
= linear response behaviour




Scattering Theory: Eigenfunction Expansions

e Want: py — po,
po(x) = fep(Ho)(x, x) = ][ ()W (x)Pdk

()L S LR+ ]fg () W ()2

J: Aj<er

o Idea: \Uj = QTW, that “looks like” W in the distant past:

lim (e_"Ht\IJ;r — e_iHot\IJk> =0

t——00

e "QF = lim efte—itot " QtH = H,Qt
t——00

@ Lippmann-Schwinger: \IJZ' =V, + Go(&k)\/w:

Notation:

Ho = —A + Wper.

U = u(x)e® > with

HoWy = exWy,

Go(E) = (E +i0t — Ho)_l

H=Hy+V,

G(E) = (E + i0* — H)™!
Hpi = Xipj
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Scattering Theory: Eigenfunction Expansions

o For V € PN L7, 3} with [V5W] € 12 (1<p< 42;)
e Asymptotics Green's function (see poster) —

/

\Uz_( ) \Uk X)+ch/ 71 <\Uk/ V’\U+>
| | =:T(k',k)
as |x| — oo. K}
ki
/.
{k: Ek = EF}

Notation:

Ho = —-A + Wper.

U = ug(x)e* > with

HoWy = Wy,

Go(E) = (E +i0t — HO)_l

H=Hy+V,
G(E) = (E+i0" —
Hpi = Ajpi

H)~!

\UZ— = Q+\Uk
\U;r =V, + Go(ek)VWi

=
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Scattering Theory: Eigenfunction Expansions

as |x| — oo.

Notation:

Ho = —A + Wper.

U = u(x)e® > with

HoWy = Wy,

Go(E) = (E +i0t — Ho)_l

H=Hy,+V,
G(E) = (E + i0* — H)~!
Hpi = Xipj

\UZ— = Q+\Uk
\U;r =V, + Go(ek)VWi

T(K k) == (Wi | V| W]

e
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@ Finite temperature, insulators, metals at zero temperature
exhibit different screening behaviour

@ Green's function = linear response properties (see poster)
@ Scattering theory = decay of py — po
Next:
o fixed point arguments to solve V = Vger + ve(py — po)
e.g.
A

Vn+1 =V, + ﬂ [Vdef + Ve (an - PO) - Vn]
@ More general Fermi surfaces,
o e.g. Graphene, ....

Thank you for your attention!
Slides are online: jack.thomaslabs.co.uk/Herrsching “;
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|deas in the proof

s V = Vaer + ve(pv — po)
xoV :¢ fee(2) R VR,(x,x) —
3 2mi Notation:
B §£ for(2) ][ R, VyR,(x, x)dq dz V = f5 Va(x)e'"™dq
¢ 5 2 | AV = falAaVa e dg
z

:¢‘ ﬁiF(z) ][ eiq-X [e_iq‘XRzeiq.X] Vqu(Xax)dq =
€ B 27|

_ ][ PRERS
B
dz

Xo,qV = Z§£ ][ (z—enr o ) |tn,k+q) (tn gl V| Umi) (Umi] (%, x)dk 5—

+q (z—gmk 2mwi

_ Z][ e Dbl |Un.ktq) (Unktgl V| Uumk) (Umk| (x; x)dk /ﬁ:

Ho = —A + Wper
75 fer(2) ][ Rz k+qVqRz k(x, x)dk E da Ho.q = Zn €nq |”nq> <“nq|
% B ’ 2mi

Enk+q — Emk )
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Scattering Theory: Eigenfunction Expansions

e Want: py — po,
po(x) = fep(Ho)(x, x) = ][ ()W (x)Pdk

()L S LR+ ]fg () W ()2

J: Aj<er

o Idea: \Uj = QTW, that “looks like” W in the distant past:

lim (e_"Ht\IJ;r — e_iHot\IJk> =0

t——00

e "QF = lim efte—itot " QtH = H,Qt
t——00

@ Lippmann-Schwinger: \IJZ' =V, + Go(&k)\/w:

Notation:

Ho = —A + Wper.

U = u(x)e® > with

HoWy = exWy,

Go(E) = (E +i0t — Ho)_l

H=Hy+V,
G(E) = (E + i0* — H)™!
Hpi = Xipj

=
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Scattering Theory: Eigenfunction Expansions

Notation:
0 . . Ho = —A + Wper:
Qt = Iiira/ neltette=itht g U = ug(x)e® > with
oo HoWy = ex Wy,
0 o Go(E) = (E +i0" — Ho) ™
Vv = lim / ne'mt ette=itoty, 4t
nd0 OOO H= HO + V;
iy [ ety G(E) = (E+ 0" — H)>
0 ) o Hpi = Xipj
) in o .
=lim—m V¥, = G v
iy F k= limin (ek + i)Wy
= limin [Go(gk +in) + Golex + in) VG (ex + in)] v
n
=V, + Go(ek + IO+)V\UZ_

=
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Scattering Theory: Eigenfunction Expansions

Unitarity of T: if ¢, = € = €, then

27

B,

Eyr =€

T(k,K')— T(k' k)=

ky o

k, K")T (K", k")

dk”
’VE k! ‘

Notation:

Ho = —A + Wper.
U = u(x)e® > with
HoWy = Wy,
Go(E) = (E +i0t — Ho)_l

H=Hy,+V,

G(E) = (E + i0* — H)~!
Hpi = Xipj

\UZ— = Q+\Uk

\U;r =V, + Go(ek)VWi

T(K, k

= (VU |V |VU))

= ..
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