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Electrostatic Screening: µdef = Qδ0

Point charge in vacuum =⇒ long-range Coulomb potential
In a material =⇒ material reorganises itself, total potential
(Coulomb + response) is screened,
Behaviour depends on whether charge carriers are mobile,
Empirical models:
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Vacuum

V (x) = vcµdef(x)

=
Q

4π|x |
,

Coulomb potential

Total screening

V (x) =
Q

4π|x |
e−k|x |

Yukawa potential with
screeening length k−1

Partial screening

V (x) =
Q

4πεr |x |

Dielectric constant of
the material εr > 1



Reduced Hartree–Fock (rHF) - finite systems

-
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Coulomb operator:

vcρ(x) =
1

4π

�
ρ(y)

|x − y |
dy

Potential-to-density:

Fε(V )(x) = fεF
(
−∆+ V

)
(x , x)

fεF(x) =
(
1 + e

x−εF
kBT

)−1

Fermi–Dirac distribution:

kB - Boltzmann const.
T - temperature
εF - Fermi level

Finite Systems

Total potential V satisfies:

V = Vext + vcFεF (V )�
R3

FεF (V ) = Nel

where: Nel – number of electrons,
Vext – external potential

Hartree

RPA

Schrödinger–Poisson

KSDFT w/o XC

Hartree–Fock w/o exchange



Reduced Hartree–Fock (rHF)

E(γ) = Tr

(
−1

2
∆γ

)
+

�
Vextργ +

1

2

�
ργvcργ

Convex variational problem

existence γ and uniqueness ργ
(neutral or positively charged systems)

[J-P Solovej, 1991]

thermodynamic limit / periodic problem
[I. Catto, C. Le Bris, and P-L Lions, 2001]

[É. Cancès, A. Deleurence, and M. Lewin, 2008]
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Finite Systems

Total potential V satisfies:

V = Vext + vcFεF (V )�
R3

FεF (V ) = Nel

Nel = # of electrons
Vext = external potential

vcρ(x) =
1

4π

�
ρ(y)

|x − y |
dy

Fε(V )(x) = fεF
(
−∆+ V

)
(x , x)



Reduced Hartree–Fock (rHF)

=⇒ Wper = Wnucl + vperFεF(Wper)
unique solution of the periodic rHF problem
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Finite Systems

Total potential V satisfies:

V = Vext + vcFεF (V )�
R3

FεF (V ) = Nel

Nel = # of electrons
Vext = external potential

vcρ(x) =
1

4π

�
ρ(y)

|x − y |
dy

Fε(V )(x) = fεF
(
−∆+ V

)
(x , x){

−∆(vperρ) = ρ− 1
|Γ|

�
Γ ρ�

Γ vperρ = 0

Defect Problem

Change in potential V satisfies:

V = Vdef + vc
(
ρV − ρ0)

ρV = FεF
(
Wper + V

)
Finte temperature: small defects are totally screened

[A. Levitt, 2020]
e.g. Vdef =

Q
|x | for Q small enough,

V (Vdef) decays exponentially

Zero temperature: partial screening

[É. Cancès, M. Lewin, 2010]



Ideas in the proof
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Linearise: V = Vdef + vcχ0V and thus

V (Vdef) = ε−1Vdef := (1− vcχ0)
−1Vdef

where ρV = ρ0 + χ0V + · · · .
χ0,KK ′(q) := ⟨eK , χ0,qeK ′⟩ where eK := e iK ·x ,

For example, K = K ′ = 0

χ0,00(q) ≈
∑
n

 
B
f ′εF(εnk)|unk |

2dk +
∑
n ̸=m

 
B

fεF(εnk)− fεF(εmk)

(εn,k − εmk)3
|⟨q · ∇umk , unk⟩|2 dk

= −DOS− qTLq

where 0 ≤ L ∈ R3
sym.

V = Vdef + vc
(
ρV − ρ0

)
Notation:
V =

�
B Vq(x)e

iq·xdq
AV =

�
B(AqVq)(x)e

iq·xdq

H0 := −∆+Wper

H0,q =
∑

n εnq |unq⟩ ⟨unq|

more details



V (Vdef) ≈ ε−1Vdef = (1− vcχ0)
−1Vdef

Finite temperature: χ0(q) ≈ −DOS and Vdef =
Q
|x | , then

V̂ (q) =
1

1 + DOS
|q|2

Q

|q|2
=

Q

|q|2 +DOS
i.e. V = Q

e−
√
DOS|x |

|x |

Insulators: χ0(q) ≈ −qTLq and

V̂ (q) =
1

1 + qTLq
|q|2

Q

|q|2
=

Q

qTMq
i.e. V =

Q√
detM

1

|xTM−1x |
1
2
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Metals at Zero Temperature
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χ0,00(q) =

 
B

fεF(εk+q)− fεF(εk)

εk+q − εk
|⟨uk , uk+q⟩|2 dk

Free electron gas, εk = |k |2

V (Vdef) ≈ ε−1Vdef = (1− vcχ0)
−1 Q

|x |

∼ Q
sin(2kF|x |+ (d − 2)π2 )

|x |d

as |x | → ∞.

d = 1
d = 2
d = 3

χ0(|q|)
χ0(0)

2kF

{k : εk = εF =: (kF)
2}



Metals at Zero Temperature

More generally,

χ0V (x) =
1

π
Im

� εF

−∞

�
Rd

G0(x , y ;E )V (y)G0(y , x ;E )dydE

where

G0(x , y ;E ) := lim
η↓0

 
B

uk(x)u
⋆
k(y)

E + iη − εk
e ik·(x−y)dk.

Asymptotic behaviour of the Green’s function
(contour deformation + stationary phase argument)
=⇒ linear response behaviour
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Scattering Theory: Eigenfunction Expansions

Want: ρV − ρ0,

ρ0(x) = fεF(H0)(x , x) =

 
B
fεF(εk)|Ψk(x)|2dk

ρV (x)
?
=

∑
j : λj≤εF

|φi (x)|2 +
 
B
fεF(εk)|Ψ

+
k (x)|

2dk

Idea: Ψ+
k = Ω+Ψk that “looks like” Ψk in the distant past:

lim
t→−∞

(
e−iHtΨ+

k − e−iH0tΨk

)
= 0

“ Ω+ = lim
t→−∞

e iHte−iH0t ”, Ω+H = H0Ω
+

Lippmann-Schwinger: Ψ+
k = Ψk + G0(εk)VΨ+

k
Proof
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Notation:
H0 = −∆+Wper,
Ψk = uk(x)e

ik·x with
H0Ψk = εkΨk ,
G0(E ) := (E + i0+ − H0)

−1

H = H0 + V ,
G (E ) := (E + i0+ − H)−1

Hφi = λiφi



Scattering Theory: Eigenfunction Expansions
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For V ∈ Lp ∩ L
d

d−1 , ∃!Ψ+
k with |V |

p
2Ψ+

k ∈ L2 (1 ≤ p < d
d−1)

Asymptotics Green’s function (see poster) =⇒

Ψ+
k (x) ≈ Ψk(x) +

∑
k ′

ck ′
e ik

′·x

|x |
d−1
2

〈
Ψk ′

∣∣V ∣∣Ψ+
k

〉︸ ︷︷ ︸
=:T (k ′,k)

as |x | → ∞.

x

k ′1

k ′2

{k : εk = εF}

Notation:
H0 = −∆+Wper,
Ψk = uk(x)e

ik·x with
H0Ψk = εkΨk ,
G0(E ) := (E + i0+ − H0)

−1

H = H0 + V ,
G (E ) := (E + i0+ − H)−1

Hφi = λiφi

Ψ+
k := Ω+Ψk

Ψ+
k = Ψk + G0(εk)VΨ+

k



Scattering Theory: Eigenfunction Expansions
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ρV (x)− ρ0(x) =

 
B
fεF(εk)

[∣∣Ψ+
k

∣∣2 − ∣∣Ψk

∣∣2] dk = · · · =

= C
Re

|x |d
∑
k−,k+

ck−ck+Ψk+(x)T (k+, k−)Ψk−(x)

as |x | → ∞.

x

k+,1

k+,2

k−

Notation:
H0 = −∆+Wper,
Ψk = uk(x)e

ik·x with
H0Ψk = εkΨk ,
G0(E ) := (E + i0+ − H0)

−1

H = H0 + V ,
G (E ) := (E + i0+ − H)−1

Hφi = λiφi

Ψ+
k := Ω+Ψk

Ψ+
k = Ψk + G0(εk)VΨ+

k

T (k ′, k) :=
〈
Ψk ′

∣∣V ∣∣Ψ+
k

〉
more details



Summary

Finite temperature, insulators, metals at zero temperature
exhibit different screening behaviour

Green’s function =⇒ linear response properties (see poster)

Scattering theory =⇒ decay of ρV − ρ0

Next:

fixed point arguments to solve V = Vdef + vc(ρV − ρ0)
e.g.

Vn+1 = Vn +
−∆

1−∆

[
Vdef + vc

(
ρVn − ρ0

)
− Vn

]
More general Fermi surfaces,

e.g. Graphene, ....

Thank you for your attention!
Slides are online: jack.thomaslabs.co.uk/Herrsching
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Ideas in the proof
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χ0V =

�
C
fεF(z) RzVRz(x , x)

dz

2πi

=

�
C
fεF(z)

 
B
Rze

iq·xVqRz(x , x)dq
dz

2πi

=

�
C
fεF(z)

 
B
e iq·x

[
e−iq·xRze

iq·x]VqRz(x , x)dq
dz

2πi

=

 
B
e iq·x

[�
C
fεF(z)

 
B
Rz,k+qVqRz,k(x , x)dk

dz

2πi

]
dq

χ0,qV =
∑
nm

�
C

 
B

fεF(z)

(z − εn,k+q)(z − εmk)
|un,k+q⟩ ⟨un,k+q|V |umk⟩ ⟨umk | (x , x)dk

dz

2πi

=
∑
nm

 
B

fεF(εn,k+q)− fεF(εmk)

εn,k+q − εmk
|un,k+q⟩ ⟨un,k+q|V |umk⟩ ⟨umk | (x , x)dk

V = Vdef + vc
(
ρV − ρ0

)
Notation:
V =

�
B Vq(x)e

iq·xdq
AV =

�
B(AqVq)(x)e

iq·xdq

H0 := −∆+Wper

H0,q =
∑

n εnq |unq⟩ ⟨unq|

back



Scattering Theory: Eigenfunction Expansions

Want: ρV − ρ0,

ρ0(x) = fεF(H0)(x , x) =

 
B
fεF(εk)|Ψk(x)|2dk

ρV (x)
?
=

∑
j : λj≤εF

|φi (x)|2 +
 
B
fεF(εk)|Ψ

+
k (x)|

2dk

Idea: Ψ+
k = Ω+Ψk that “looks like” Ψk in the distant past:

lim
t→−∞

(
e−iHtΨ+

k − e−iH0tΨk

)
= 0

“ Ω+ = lim
t→−∞

e iHte−iH0t ”, Ω+H = H0Ω
+

Lippmann-Schwinger: Ψ+
k = Ψk + G0(εk)VΨ+

k
back
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Notation:
H0 = −∆+Wper,
Ψk = uk(x)e

ik·x with
H0Ψk = εkΨk ,
G0(E ) := (E + i0+ − H0)

−1

H = H0 + V ,
G (E ) := (E + i0+ − H)−1

Hφi = λiφi



Scattering Theory: Eigenfunction Expansions

Ω+ := lim
η↓0

� 0

−∞
ηeηte iHte−iH0tdt

Ψ+
k = lim

η↓0

� 0

−∞
ηeηt e iHte−iH0tΨkdt

= lim
η↓0

η

� 0

−∞
e−i(εk+iη−H)tΨkdt

= lim
η↓0

iη

εk + iη − H
Ψk =: lim

η↓0
iη G (εk + iη)Ψk

= lim
η↓0

iη
[
G0(εk + iη) + G0(εk + iη)VG (εk + iη)

]
Ψk

= Ψk + G0(εk + i0+)VΨ+
k
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Notation:
H0 = −∆+Wper,
Ψk = uk(x)e

ik·x with
H0Ψk = εkΨk ,
G0(E ) := (E + i0+ − H0)

−1

H = H0 + V ,
G (E ) := (E + i0+ − H)−1

Hφi = λiφi

back



Scattering Theory: Eigenfunction Expansions
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Unitarity of T : if εk = εk ′ = ε, then

T (k, k ′)− T (k ′, k) =
2πi

|B|

�
εk′′=ε

T (k, k ′′)T (k ′′, k ′)
dk ′′

|∇εk ′′ |

x

k+,1

k+,2

k−

Notation:
H0 = −∆+Wper,
Ψk = uk(x)e

ik·x with
H0Ψk = εkΨk ,
G0(E ) := (E + i0+ − H0)

−1

H = H0 + V ,
G (E ) := (E + i0+ − H)−1

Hφi = λiφi

Ψ+
k := Ω+Ψk

Ψ+
k = Ψk + G0(εk)VΨ+

k

T (k ′, k) :=
〈
Ψk ′

∣∣V ∣∣Ψ+
k

〉
back
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