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@ Many-body Schrodinger equation: Hi W = EW

@ Born—Oppenheimer: solve for the electrons Hpo = Hpo(r)
[where r = (r1,...,ry,,) € (RY)Net]

o Kohn—Sham equations:
Hi(x) = (= 38+ V() i(x) = 2iti(x)
p(x,y) =Y FENvi()vily),  p(x) = p(x,x)
where f(e;) are the single particle occupation numbers

V = V[p|] ~> self-consistent field,
o Discretization: H; = £;Sv; where H € RNoNat X NopNag
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Linear Scaling Algorithms
e.g. [Goedecker 1999]

Density matrix

p(x,y) is short-ranged in |x — y|
[Kohn 1996]
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Machine Learned Geometry Relaxation

Interatomic Potentials e.g. [Chen Lu Ortner 2018,
e.g. [Musil et al. 2021] Ortner JT 2020]

Linear Scaling Algorithms
e.g. [Goedecker 1999]

Site Energy Decomposition

Density matrix

p(x,y) is short-ranged in |x — y|

E,
[Kohn 1996] E(r) = Z Ey(r), O,
¢

< e_’Yer
8rk

~

e.g. [Chen Ortner 2016, Nazar Ortner
2017, Ortner JT Chen 2020, JT 2020]

!

Decay of the forces:

Multiscale Methods : 82E(r)
e.g. [Csanyi et al. 2005] _—
8rg8rk
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o Recall: Hip; = gjth;, H € RNoNarxMoNae given by ['I:ake.S — i by considering
: i =EiYi, g y Léwdin transform: S—T/2HS1/?]

Moo = [ )] = 38+ V0 dua(x)dx

{¢éa};\l§1 - atom-centered localised basis functions at ry
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Notation
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Notation

o Recall: Hip; = gjth;, H € RNoNarxMoNae given by ['I:ake.S — i by considering
: i =EiYi, g y Léwdin transform: S—T/2HS1/?]

Matrix entries

Moo = [ )] = 38+ V0 dua(x)dx

{¢éa}g\l§1 - atom-centered localised basis functions at r,
@ Assume: |Hyx| S e 0%k [rex = |re — rkl]
@ Density matrix: F(H)
e Band energy: E = Tr(HF(H))
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e Locality of the density matrix
@ Logarithmic potential theory
@ Schwarz—Christoffel mappings
@ Example
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Density matrix (banded matrices)

) [Benzi Boito Razouk 2013]
@ Suppose H is m—banded:

Hoe =0 forall rge > m

o Then, [H"N]y = 0 for all ryx > mN

o Thatis, Py(H)ewk =0 forall N < Lry Pn € Pn
polynomials of
degree < N
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Density matrix (banded matrices)

[Benzi Boito Razouk 2013]
@ Suppose H is m—banded:

Hoe =0 forall rge > m

o Then, [H"N]y = 0 for all ryx > mN

o Thatis, Py(H)ewk =0 forall N < Lry Pn € Pn

@ Therefore, polynomials of
degree < N

|F(H)e| = min |[F(H) — P(H)],,|
EPn
= P”G‘;QNHF Pl 1oo (o 20
@ Locality «— Polynomial approximation on the spectrum

+— spectral gap or 8 < 00

(insulators or finite temperature) ]
g
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Density matrix (banded matrices) Decay rate «— polynomial approx.

Upper Bounds: For N < 7k,
e Finite temperature (8 < o0): ‘F(H)ﬂk’ = Pr2|79,\, ”F - PHLOO(O'(H))
2|[Fllseey)y i
|F(H)ek| < ?I(X)X N BVl 6, x—a+b

where F is analytic on &,.

[Proof: Chebyshev coefficients decay exponentially (e

depending on region of analyticity]

p-ing
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Density matrix (banded matrices) Decay rate «— polynomial approx.

rek
Upper Bounds: For N < 70,
. . F < min ||[F—-P
e Finite temperature (8 < o0): ‘ (H)ﬂk’ = pepy ” HLOO(O'(H))
2|[Fll ooy 5! -
x) . —N —ct—r, p+inp
‘F(/H)Zk‘ < X — 1 X < Ce m Ttk Y : &y, x=a+b
where F is analytic on &,. )
N VY PYYYPPPPYYTTTRTITTTIEECLIIIT] - - -
[Proof: Chebyshev coefficients decay exponentially (e
depending on region of analyticity]
A
p-ing

=
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Density matrix (banded matrices)

Upper Bounds:
e Finite temperature (8 < o0):

2[|F |l Lo ey
F < —F
|F(H)ex| < 1 <
where F is analytic on &,.

[Proof: Chebyshev coefficients decay exponentially
depending on region of analyticity]
@ Insulators (g > 0): [Hasson 2007]

N
2—g
\/_2+g

where g is the spectral gap.

}F(’H)gk‘

Decay rate <— polynomial approx.

a(H) ¢ [-1,1]

A
y—inﬂ’l
F=1 F=0
I I
o < [-1,-5|u[$1]

[Symmetric gap]



Density matrix (banded matrices) Decay rate <— polynomial approx.

Upper Bounds:
e Finite temperature (8 < o0):

2[|F |l Lo ey
< — = \"XJ
|F(H)e| < 1 <

where F is analytic on &,.

[Proof: Chebyshev coefficients decay exponentially
depending on region of analyticity]

@ Insulators (g > 0): [Hasson 2007]

. . o F=0
}F(’H)gk‘ \/_\/; \/76 4m G(H)C[ <$]u[g1]

27

where g is the spectral gap. “:

[Symmetric gap] 8/38



Density Matrix (banded matrices) Decay rate «<— polynomial approx.

Asymptotically optimal rates:
General o(H) with < co or g >0
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Density Matrix (banded matrices) Decay rate «<— polynomial approx.

Tek

Asymptotically optimal rates: For N < %7 )

General o(H) with 5 < oo or g >0 ‘F(H)ﬂk’ = P”g'gN ”F - PHLOO(O'(H))
o X = {xj}j’\’:0 — interpolation nodes
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Density Matrix (banded matrices)

Asymptotically optimal rates:

General o(H) with < co or g >0
o X = {xj}j’\’:0 — interpolation nodes
o IxF € Py with /XF(XJ) = F(XJ)

Hermite Integral formula

Let € contour encircling X U {x},

IxF(x ) Flz

Kz)x—z27rl

where {(x) = Hj:O(x — X;j) is the node polynomial

Decay rate «— polynomial approx.

V.
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Density Matrix (banded matrices)

Asymptotically optimal rates:

General o(H) with < co or g >0
o X = {xj}j’\’:0 — interpolation nodes
o IxF € Py with /XF(XJ) = F(XJ)

Hermite Integral formula

Let € contour encircling X U {x},

IxF(x ) Flz

Kz)x—z27rl

where {(x) = Hj:O(x — X;j) is the node polynomial

Decay rate «— polynomial approx.

Proof:
0(x) = H X=Xk E(X)/(x—xj) B

ki T %k a Hk;ﬁj(xj —x)

K(X)/(x

V.

6 [linj(2 =

z) 1 %
z—xJ27r/ E

X

ZX

dz
z2ri
11.‘5
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Density matrix (banded matrices)  Decay rate <— polynomial approx.
For X = {Xj}jN:O with N < 2k
|F(H)a| < il IF = Pl o (o 20
IFlle »
P

. — dist (J(H) ‘5) xEo(H),ze€
@ Goal: Understand the asymptotic
behaviour of where {(x) := Hj:O(X )

{(x)
(z)

as N — oo

‘ Ux)
()

@ How to choose X7




Link to (Logarithmic) Potential Theory Decay rate <— polynomial approx.
For X = {XJ'}J-NZO with N < &
(x

{(2)

@ Define vy = ﬁ J,-V:o dx; and note

F(H)e| S sup
log [‘E(x)|ﬂ = % Z log |x — x;| | | x€a(H),26€
J

where (x) = HJ-N:o(X - X))

_ /Iog 5 — t| dun(t)
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Decay rate «— polynomial approx.

Link to (Logarithmic) Potential Theory
For X = {x}N, with N < &
@ Define vy = ﬁ J'-VO(SXJ. and note o {XJ}FO W < m
{(x)
|F(H)e| S sup | —
log [‘E( ﬂ = Zlog|x—xj‘ xea(#H),ze¢ | €(2)
where £(x) = []/Lq(x — X))

_ /Iog 5 — t| dun(t)

o If vy —=* v, then

lim \E(x)ﬁ —e V") where U”(x) = /Iog du(t)
N—oo | |
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polynomial approx.

Decay rate «—

Link to (Logarithmic) Potential Theory
For X = {x}N, with N < &
@ Define vy = ﬁ J'-VO(SXJ. and note o {XJ}FO w < m
()
|F(H)e| S sup | —
log [‘E( ﬂ = Zlog|x—xj‘ xea(#),ze¢ | €(2)
where £(x) == [/Lq(x — X))

_ /Iog 5 — t| dun(t)

o If vy —=* v, then

lim \E(x)ﬁ —e V") where U”(x) = /Iog du(t)
N—oo | |

@ Decay rate +— asymptotic rate for polynomial approx
+— behaviour of M‘ forx e o(H)and z€ €

£(z)
x) — U"(z)
=

<— behaviour of U¥(x)
11/38
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e Find € M(X) [unit Borel measure, supported on X]
minimising the energy

I(p) = /U“(X du(x) = // log
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Link to Potential Theory

[Saff 2010]

@ 2~ C C - compact approximation domain,

e Find € M(X) [unit Borel measure, supported on X]
minimising the energy

1) = [ U = [ [ 1og -2 dult)ant)

x =t

o d! minimiser wy — equilibrium measure with

Vs = infryx) 1 € (—00,00] = Robin’s constant

(3 = M(X) weak* compact and I Isc, ! = strict convexity)
@ Frostman:

U“r(z) < Vs forze C
U“r(z) = Vg forzeX




Link to Potential Theory Decay rate «— polynomial approx.

For X = {XJ-}J-N:0 with N < &
@ Frostman: e
|F(H)e| S sup | —
U“r(z) < Vx forze C x€o(H),ze€ U(z)
Ur(z)=Vs forzekx where {(x) = HJ-NZO(X - X;)
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Link to Potential Theory Decay rate «— polynomial approx.
For X = {xJ-}J-N:0 with N < &

@ Frostman: e

|F(H)e| S sup | —

U“r(z) < Vx forze C x€o(H),ze€ U(z)
Ur(z)=Vs forzekx where {(x) = HJ-NZO(X - X;)

@ Choose interpolation points asymptotically
distributed according to wy: for x € X and z € ¥,

1
lim ‘E(X) " e—[Vz—U"’Z(Z)] — o 82(2)
N—oo

{(2)
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distributed according to wy: for x € X and z € ¥,

1
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e Q: How to compute gs(z) = V& — U¥x(z) > 07
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Link to Potential Theory Decay rate +— polynomial approx.

For X = {XJ'}J-NZO with N < 2
@ Frostman: e
|F(H)e| S sup | —
U“r(z) < Vx forze C x€o(H),ze€ U(z)
Ur(z)=Vs forzekx where {(x) = ]_[J-N:O(x - )

@ Choose interpolation points asymptotically
distributed according to wy: for x € X and z € ¥,

1
lim ‘E(X) " e—[Vz—U"’Z(Z)] — o 82(2)
N—oo

{(z)
e Q: How to compute gs(z) = V& — U¥E(2) > 07

@ (Q: How to choose X to obtain this rate of approximation?)
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Link to Schwarz—Christoffel mappings

@ Frostman:

U“r(z) < Vx forze C
U“(z) = Vs forzeX

@ Choose interpolation points asymptotically
distributed according to wy: for x € ¥ and z € ¥,

“(x)

1
)|V [ve-uem@)] L (o)
K(Z) =€ . e

[im =
N— oo
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Link to Schwarz—Christoffel mappings

@ Frostman:

U“r(z) < Vx forze C
U“(z) = Vs forzeX

@ Choose interpolation points asymptotically
distributed according to wy: for x € ¥ and z € ¥,

{(x)
(2)
@ The function z — gy (z) satisfies

o Ags =00nC\ L,

e gs=0o0n%k,

o gs(z) ~logl|z| as z = o0

1
lim ‘ " e_[VZ—U“z(Z)] _. oes(2)
N—oo
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Link to Schwarz—Christoffel mappings

@ Frostman:

U“r(z) < Vx forze C
U“(z) = Vs forzeX

@ Choose interpolation points asymptotically
distributed according to wy: for x € ¥ and z € ¥,

1
lim ‘E(x) " e—[Vz—U‘”f(Z)] — e 82(2)
N—oo

{(2)

@ The function z — gy (z) satisfies
o Ags =00nC\ L,
e gy =00nZ%,
o gs(z) ~logl|z| as z = o0

@ ! solution to this Green’s function problem “:

B4,




Green's function problem

Find g5 s.t.
Define gs(z) := ReGg(z) where o Ags —0onC\T,
o gs(z) ~ log|z| as z — o0,

Conformal mapping problem: G_3): C4 — Csit. @ ggs=0o0n1k.

wy = iT

Gl-1,1]

wy =0
21 pA



Green's function problem
Find g5 s.t.

Define gy (z) := ReGx(z) where o Ags —0onC\T,
g-11)(z) =log |z +Vz+1vz —1]

o gs(z) ~ log|z| as z — o0,

Conformal mapping problem: G_3): C4 — Csit. @ ggs=0o0n1k.

wy = iT

Gl-1,1]

wy =0



Y =[-1,a U]b,1] Green's function problem

Find g5 s.t.
Define gs(z) := ReGs(z) where @ Ags =0onC\ L,
o gy(z) ~ log|z| as z — oo,
@ gx =0o0nX.
G[-1,au[b,1]
N W = wy
21 22 gw 24 25 ot /ﬂ:iG/?,S



Y =[-1,a U]b,1] Green's function problem

Find g5 s.t.
Define gs(z) := ReGs(z) where @ Ags =00nC\ I,
g C—z3 e gy(z) ~log|z| as z — o
G sats() = | dg,  ©exlz)~log '
o) = | ST ST e 0on

wy =T

Gl—1,a)u[b,1]
—

We =y

21 Z Z3 4 25



How to choose the interpolation nodes?

o Fekete Sets [difficult]
minimise I over the space of measures of the form & ZJ'N:o dx;
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How to choose the interpolation nodes?

o Fekete Sets [difficult]
minimise I over the space of measures of the form Z —0 0x;

o Fejer sets
. ,/ﬁ\\
Consider X := Gy ({/7” No) , / N\
o\ /
@ Leja sets /N / \
— fuAN N L)\ ‘
For X = {x;};Zo, choose xn+1 € arg maxcex [[;q X — xj] J \ ) \ *
\ / \ /
\
\ %
\\///
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How to choose the interpolation nodes?

o Fekete Sets [difficult]
minimise I over the space of measures of the form Z —0 0x;

o Fejer sets -
Consider X = Gy ({/”f No) - N\
o Leja sets //
For X = {XJ}JN:O choose xy4+1 € arg maxyey Hj'V:O Ix — x| ‘," \\‘ / . ‘
\ \ /
\ \ ’/
\ \/
S
For ¥ = [-1,1]:
@ Chebyshev nodes are asymptotically distributed according to the arcsine measure:

1

1
dwp1.0)(x) = — ———dx
R NV e -n;", "



How to choose the interpolation nodes?

o Fekete Sets [difficult]
minimise I over the space of measures of the form Z —0 0x;

o Fejer sets -
Consider X = Gy ({/”f No) - N\
o Leja sets //
For X = {XJ}JN:O choose xy4+1 € arg maxyey Hj'V:O Ix — x| ‘," \\‘ / . ‘
\ \ /
\ \ ’/
\ \/
S
For ¥ = [-1,1]:
@ Chebyshev nodes are asymptotically distributed according to the arcsine measure:

1

1
dW[_l 1](X) = ——dX
’ V1 X2 N
.
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Approximating F7(z) = (1 + e’ -1




Summary: Density matrices

Banded matrices:
‘F(H)Zk‘ S e—’Y(ka)fek
c —1

o Finite temperature: y(r) = <,
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Summary: Density matrices

Banded matrices:
|F(H)ok| S et
. - 71
o Finite temperature: y(r) = <=,
g
m 1

@ Insulators: ~(r) =

e Potential theory = ~(r) — v > 0 as r — oo with .
v~ BTN VEsVEr T
as B+ /g_vEr — 0.
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Summary: Density matrices

Banded matrices:
|F(H)ok| S et
. - 71
o Finite temperature: y(r) = <=,
g
m 1

@ Insulators: ~(r) =

e Potential theory = ~(r) — v > 0 as r — oo with .
v~ BTN VEsVEr T
as B+ /g_vEr — 0.

Remarks:
@ point spectrum
° gvs./g?
@ banded matrices ~~ exponential decay (Combes—Thomas) “;

B4,



9 Site energy decomposition
@ Interatomic potentials
@ Spatial decomposition
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Classical Interatomic Potentials: E(r) = El({rutrier)
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Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
1
E(r) = F(ZP(”O) +3 Z¢(r€k) Daw, Baskes. Phys. Rev. B 29 (1984)
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Classical Interatomic Potentials:

Embedded Atom Method (EAM):

Eo(r) = F(ZP(W)) + 3> o(ru)

Py

k0

HOEDY EF({réfk}rzk<rcm)

TABLE I. Quantities used for determination of the
functions and their fitted values: lattice parameter
ay; elastic constants Cy4, Cyy, and Cyy; sublimation
energy E,; vacancy formation energy Eq,f; the energy
difference between bec and fce phases for Ni; and the
hydrogen heat of solution and migration energy in Ni.

Experiment Fit

ay(A) 3.522 3.52
Cyy (10'? dynes/cm?) 2.465" 2.452
Cy, (1012 gynes/cm?) 1.473° 1.452
Cy (10'% dynes/cm?) 1.247° 1.233
E, (eV) 4.45° 4,45
EwT eV 1.4¢ 1.43
(Evce—Efcc) (8V) 0.06° 0.14
H heat of solution (eV) 0.16 0.22
H migration energy (eV) 0.418 0.41

aRef. 13. °Ref. 17.

PRef. 14. fRef. 18.

°Ref. 15. ZRef. 19,

dRef, 16.

Daw, Baskes. Phys. Rev. Lett. 50 (198%:
Il
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Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
E(r) = F(Zp(rék» + %Z‘ﬁ(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

_ _ 2
Ey(r) = Z A(Bry,P — r ) farew) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)
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Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
E(r) = F(Zp(rék)> + %Z‘b(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

Ey(r) = ZA(Br[kP — rp ) falrek) + Z A( cos Omn + %)2@(rmk)7fa(rm,,)7

k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Overall, the most satisfactory parameter set thus far
discovered is the following:

A=7.049556277, B=0.6022245584,
p=4, ¢g=0, a=1.80, 2.7
A=21.0, y=1.20.



Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
E(r) = F(Zp(rék)> + %Z‘b(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

_ _ 2
Ey(r) = ZA(BerP — rp ) falrek) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Not systematically improvable... .
y y P Overall, the most satisfactory parameter set thus far

discovered is the following:
A=7.049556277, B=0.6022245584,
p=4, ¢g=0, a=1.80, 2.7

A=21.0, y=120. y
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Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
E(r) = F(Zp(rék» + %Z‘ﬁ(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

_ _ 2
Ey(r) = Z A(Bry,P — r ) farew) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Not systematically improvable...

Machine Learning:

Eo(r) = Ei(r; 0)
universal approximator “:
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E(r) = F(Zp(rék» + %Z‘ﬁ(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

_ _ 2
Ey(r) = Z A(Bry,P — r ) farew) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Not systematically improvable...
Behler, Parrinello. Phys. Rev. Lett. 98 (2007)

Machine Learning:
Eg(r) = Eg(r; 9)

neural network
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Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):
Daw, Baskes. Phys. Rev. Lett. 50 (1983)
E(r) = F(Zp(rék)> + %Z‘b(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

_ _ 2
Ey(r) = ZA(BerP — rp ) falrek) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Not systematically improvable...
Behler, Parrinello. Phys. Rev. Lett. 98 (2007)

Machine Learning: Bartok, Kondor, Csanyi. Phys. Rev. Lett. 104 (2010)

Eg(r) = Eg(r; 9)

kernel method
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Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
E(r) = F(Zp(rék)> + %Z‘b(’?k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£
Stillinger—-Weber:

_ _ 2
Ey(r) = ZA(BerP — rp ) falrek) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Not systematically improvable...
Behler, Parrinello. Phys. Rev. Lett. 98 (2007)

Bartok, Kondor, Csanyi. Phys. Rev. Lett. 104 (2010)
Braams, Bowman. Int. Rev. Phys. Chem. 28 (2009)
Ei(r) = Ei(r; 0) Shapeev. Multiscale Model. Simul., 14 (2016)

Machine Learning:

symmetric polynomials “;
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Classical Interatomic Potentials: E(r) = El({rutrier)

Embedded Atom Method (EAM):

Daw, Baskes. Phys. Rev. Lett. 50 (1983)
1
E(r) = F(Zp(fgﬂ) +3 Z¢(r€k) Daw, Baskes. Phys. Rev. B 29 (1984)
k£ k£l

Stillinger—-Weber:

_ _ 2
Ey(r) = ZA(BerP — rp ) falrek) + Z A(cos Okmn + 3) ol rmi) o (rmn)”
k#£L k,m,n:
te{k,m,n} Stillinger, Weber. Phys. Rev. B 31 (1985)

Not systematically improvable...
Behler, Parrinello. Phys. Rev. Lett. 98 (2007)

Bartok, Kondor, Csanyi. Phys. Rev. Lett. 104 (2010)
Braams, Bowman. Int. Rev. Phys. Chem. 28 (2009)
. ) Shapeev. Multiscale Model. Simul., 14 (2016)

Ei(r) = Eo(r; 9_) _ Drautz. Phys. Rev. B 100 (2019)
Atomic cluster expansion (ACE) Bachmayr et al. J. Comp. Phys. 454 (202H

.

Machine Learning:



Locality: Spatial Decomposition Interatomic potentials

E(r) =" e(0; {ructize)

L
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o Recall:
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@ Define the local observables as
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Locality: Spatial Decomposition Interatomic potentials

E(r) =" e(0; {ructize)

o Recall:

E(r)=Te(HF(H)) = [HF(H)],,

| , |

@ Define the local observables as
Ey(r) = [’HF(H)]M

L

dz

- 7€ zF(z) [(Z—”H)*l]u% T
- / XF(x)dDy(x)
R
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Tight-binding Interatomic potentials
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Locality: Spatial Decomposition

Tight-binding Interatomic potentials

E(r) =" E({ro}ry<ron)
y4

|

‘aEZ(r) < Ce MMtk

8rk
n > 0 depends on:

@ locality of H,

e analyticity of z — zF(z),
@ spectrum o(H).

dz

[Chen, Ortner. Multiscale Model. Simul., 2016] Lory

[Chen, Lu, Ortner. Arch. Rat. Mech. An., 2018]
[Ortner, JT, Chen. ESAIM: M2AN, 2020] - estimates for point defects “: v

E = 7{62/:(2) [(z - ’H)_l]



“Proof”: Locality Estimates

Theorem:

‘3515(’)

< Ce Mtk
ory -

1 > 0 depends on:
o locality of H,
e analyticity of zF(z),

@ spectrum o(H).
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“Proof”: Locality Estimates

Theorem:
OEg(r)_ _10H(r) _q1 dz
ory _%KZF(Z)[(Z 2 ory (z=%) ]ez27ri ‘ag"r(r) < Ce ek
k

1 > 0 depends on:
o locality of H,
e analyticity of zF(z),

@ spectrum o(H).
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“Proof”: Locality Estimates

Theorem:
OEg(r)_ _10H(r) _q1 dz
ory —%ng(z)[(z 2 ory (z=%) ]ez27ri ‘ag"r(r) < Ce 'tk
k

Resolvent Estimates: Sketch for m-banded Hamiltonians
Same argument as before: for mN < ryy,

1 > 0 depends on:
@ locality of H,
I(z— H)&l‘ — pmei% I[(z - H)~ - P’V(H)hk‘ e analyticity of zF(z),
N ) @ spectrum o(H).
= il 1z = )7 = Pull oo (o a0y

%
< e mlk
~Y e m

where v ~ dist(z, o(H).
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e Body-ordered approximations
@ Linear schemes
@ Nonlinear schemes
@ Examples
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Body-ordered approximations Interatomic potentials

. E(r):ZEz(r;B)
Locality: E¢(r) = e({rik}rpecre) + O(e71e) ;
In practice, ¢ is still high-dimensional E, - Short—rﬁﬁged & “simple”

More details ;
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Body-ordered approximations

Locality: Eﬂ(r) = 5({r€k}rgk<rcut) + O(e_mcut)
In practice, ¢ is still high-dimensional
Aim: Reduce the dimensionality further

Interatomic potentials
E(r) = Ey(r;0)
¢

E; - short—rﬁﬁged & "simple”
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Body-ordered approximations Interatomic potentials

E(r) = Ey(r;0)
l

Locality: Ey(r) = E({’Zk}rek<rcut) + O(erent)
In practice, € is still high-dimensional

E; - short—ra\ﬁged & "simple”
Aim: Reduce the dimensionality further

Body-ordered approximation:

E(r) ~ Vo-l-z Vi(rek)+ Z Va(reky s Foky )+ - -+ Z Vin(rekys - - - s Foky)
k#¢L ki, koL ki,....kn7L

“In view of the fact that the Si crystal consists of atoms held
in place by strong and directional bonds, it seems reasonable
at first sight that the corresponding ® could be approximated
by a combination of pair and triplet potentials, V1 and V,.”
— Stillinger, Weber. Phys. Rev. B 31 (1985)
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Body-ordered approximations Interatomic potentials

E(r) = Ey(r;0)
l

E; - short—ra\ﬁged & "simple”

Locality: EZ(r) = E({’Zk}rgk<rcut) + O(e_mcut)
In practice, ¢ is still high-dimensional
Aim: Reduce the dimensionality further

Body-ordered approximation:

E(r) ~ Vo-l-z Vi(rek)+ Z Va(reky s Foky )+ - -+ Z Vin(rekys - - - s Foky)
k#¢L ki, koL ki,....kn7L

“In this so-called many-body expansion of ®, it is usually believed that the

series has a quick convergence, therefore, the higher moments may be
neglected.”

— Haliciogli, Pamuk, Erkoc. Phys Status Solidi B 149 (1988)

=
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Body-ordered approximations Interatomic potentials

E(r) = Ey(r;0)
l

E; - short—ra\ﬁged & "simple”

Locality: EZ(r) = E({rfk}rgk<rcut) + O(e_mcut)
In practice, ¢ is still high-dimensional
Aim: Reduce the dimensionality further

Body-ordered approximation:

E(r) ~ Vo-l-z Vi(rek)+ Z Va(reky s Foky )+ - -+ Z Vin(rekys - - - s Foky)
k#¢L ki, koL ki,....kn7L

“...the many-body potentials in general exhibit a rather slow convergence.”

“It is sometimes argued that a potential expansion converges only slowly
with respect to the order of the potentials and is thus impractical for use
in molecular dynamics simulations.”

— Drautz, Fahnle, Sanchez. J. Phys. Condens. Matter 16 (2004)

=
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Body-ordered approximations Interatomic potentials

E(r) = Ey(r;0)
l

E; - short—ra\ﬁged & "simple”

Locality: EZ(r) = E({’Zk}rgk<rcut) + O(e_mcut)
In practice, ¢ is still high-dimensional
Aim: Reduce the dimensionality further

Body-ordered approximation:

E(r) ~ Vo-l-z Vi(rek)+ Z Va(reky s Foky )+ - -+ Z Vin(rekys - - - s Foky)
k#¢L ki, koL ki,....kn7L

“The convergence of the expansion is slow and, for example,
for bulk metals potentials Vi up to K > 15 are required.”

— Drautz. Phys. Rev. B 99 (2019)
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Body-ordered approximations Interatomic potentials

E(r)=) Eir;0)
Locality: Eo(r) = e({fu}rycron) + O(e7Meut) zg: ¢

In practice, ¢ is still high-dimensional E, - short-rﬁﬁged & "simple”
Aim: Reduce the dimensionality further

Body-ordered approximation:

E(r) ~ Vo-l-z Vi(rek)+ Z Va(Fokys Fowy )+ -+ Z Vin(rekys - - - s Foky)
k#¢L ki, koL ki,....kn7L

Based on the vacuum cluster expansion
“Incorporating environment information leads to exponential
convergence’ =—> replace V,, with V,y
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Body-ordered approximations

Main idea: Polynomials are body-ordered:
Hee= > HeHee, - He, s E;=e(M)u= [edDy
l1yeiln_1

[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]
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Body-ordered approximations

Main idea: Polynomials are body-ordered:
Hee= > HeHee, - He, s Er=e(H)u= [edDy
l1yeiln_1

[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]

Suppose ¢ ~ gy where ey € Py,
Then, EN = en(H)u

is a body-ordered

approximation to E;

Claim:
|Ec — E/'|

< sup |e(z) —en(2)|
z€o(H)

“convergence <+ smoothness of &” “-";, Il
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Body-ordered approximations

Main idea: Polynomials are body-ordered:
Hee= > HeHee, - He, s Er=e(H)u= [edDy
l1yeiln_1

[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]

SIITL L IELRORSRIVAVI CICRIVESWAIYAI Example: Kernel Polynomial Method

N .
Then, E = en(H)w Suppose e(x) = Y72 cnPn(x) with [ PpPmMdx = 6pm,
is a body-ordered

approximation to E;

Ey(x) ~ / Ky *e dD; = // Kn(x, y)e(y) dy dDe(x)
N
|E,— E]| where  Kn(x,y) == M(y) Y _ Pa(x)Pm(y)

< sup |e(z) —en(2)| =0
z€o(H)

Claim:

Then, EN = SN c,Pa(H)
“ " ’ /A n=0 ~n" n
convergence < smoothness of ¢ [S”\/er et al. J. Comp. Phys. 124 (1996)] \Y




Theorem (JT, Chen, Ortner (2022))

There exists a linear ©p: RN — R such that
|Ee(r) — On(Heg, - -, [HM]e) | < CemwN

where limy oo yw =7 >0, and v ~ B~ + /g /8%

However,
o Different ©y for different phases of the material

o Isolated eigenvalues in the gap affect the convergence rate

[Here, On(Hat, - - -, [#N]4) is body-ordered]
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Nonlinear Schemes

Before: choose nodes X = {xj}J’-VZO and ey = Ixe:

EZN =

en(H)u = / en(x) dDy(x) = / Ixe(x) Dy(x) = S (M) er ()

= /6dDéV where D) = Zj’\lzowjé(- — Xj).

and wj = EJ(H)M.
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Nonlinear Schemes

Before: choose nodes X = {xj}J’-VZO and ey = Ixe:

! = n(n = [ en(x)dDi(x) = [ Ixe(x)ADix) = S £ <()
= /6dDéV where D) = ZJ-N:OchS(- — Xj).
and wj = {j(H)w.
“Method of moments”: Choose DY := Oy (Hy, ..., [HN]w):
[H"ee = /x"dD,!V foralln=0,1,..., N

EN = /e(x)dDéV(x)
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Nonlinear schemes: Error estimates

@ “Method of moments”. Find le\’ such that

[H"ee = /X"dDéV(X) (n=0,1,...,N) — EZN(r) = /5le!\’7
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Nonlinear schemes: Error estimates

@ “Method of moments”. Find le\’ such that

[H”]a:/x"dDéV(x) (n=0,1,...,N) — EN(r) ::/adD;V,
@ Then

|Eo(r) — EN(r)| = ‘/ e d(Dg—DéV)‘



Nonlinear schemes: Error estimates

@ “Method of moments”. Find le\’ such that
[H”]a:/x"dDéV(x) (n=0,1,...,N) — EN(r) ::/adD;V,
@ Then

|Eq(r) — EEN(r)} = min

eNEPN

/(65N)d(Dg - opY)|

[Py = polynomials degree N]
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Nonlinear schemes: Error estimates

@ “Method of moments”. Find le\’ such that
[H”]a:/x"dDéV(x) (n=0,1,...,N) — EN(r) ::/adD;V,
@ Then

|Eq(r) — EEN(r)} = min

eNEPN

/ (e—en)d(Dy - D,f")‘
< 10e = Dllrv _min e = enl e (rreymppopy)

[Py = polynomials degree N]



Linear schemes: Nonlinear schemes:

@ Chebyshev projection e Maximum entropy method?
— Kernel polynomial method? @ Recursion method3: spectral measure

@ Newton—Cotes quadrature corresponding to truncated
(equispaced nodes) tridiagonalisation of H

o Clenshaw—Curtis quadrature — bond order potentials*
(Chebyshev nodes) e Gauss quadrature

e General quadrature (with vy —* wy) — linear-scaling spectral Gauss

quadrature®

'[Silver, Roeder, Voter, Kress. J. Comput. Phys. 124 (1996)]

2[Mead, Papanicolaou. J. Math. Phys. 25 (1984)]

®[Haydock, Heine, Kelly. J. Phys. C 5 (1972), 8 (1975)]

*[Horsfield et al. Phys. Rev. B 53 (1996)] ;

®[Suryanarayana et al. J. Mech. Phys. Solids 61 (2013)] /“
31/38


https://0-journals-aps-org.pugwash.lib.warwick.ac.uk/pre/pdf/10.1103/PhysRevE.56.4822
https://bayes.wustl.edu/Manual/MeadPapanicolaou.pdf
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.53.12694
https://www.sciencedirect.com/science/article/abs/pii/S0022509612001949

However,

@ Different ©p for
different phases of
the material

Theorem (JT, Chen, Ortner (2022))

There exists a linear ©p: RN — R such that

|Eo(r) — On(Heg, -, [HM]e) | < CemwN _ _
o Eigenvalues in the
where limy_oo Yn =¥ > 0, and v ~ gaer + B gap affect the
convergence rate

Numerics
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Theorem (JT, Chen, Ortner (2022))

There exists a linear ©p: RN — R such that
|Ee(r) — On(Hee, .-, [HV]ee) | < Cem N

where limy_oo Yn =¥ > 0, and v ~ gaer + B

Theorem (JT, Chen, Ortner (2022))

Fix N odd. There exist U C CN and an analytic function
©n: U — C such that

‘EZ(’) - @N(H% ceey [’HN]M)‘ < CeWN

where limy_oo iy =1 >0, and n ~ g + 1.
Now,

@ Oy is a “universal” nonlinearity

o Eigenvalues in the gap do not affect the convergence rates
v

However,

o Different ©p for
different phases of
the material

o Eigenvalues in the
gap affect the
convergence rate
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© Conclusions “:
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Conclusions

o E(r) =2, Er)
o Local pieces — transferability
o QM/MM schemes: size of the QM region ~ 7
[e.g. Chen, Ortner. Multiscale Model. Simul., 2016]
o Thermodynamic limit problems
[Chen, Lu, Ortner. Arch. Rat. Mech. An., 2018],
[Ortner, JT. Math. Model. Methods Appl. Sci., 2020]
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o Ef(r)~ Ym0 tnre Vo (Feers - -5 1ue,),
o e.g. Linear Atomic Cluster Expansion (ACE)
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Conclusions

o E(r) =2, Er)
o Local pieces — transferability
o QM/MM schemes: size of the QM region ~ 7
[e.g. Chen, Ortner. Multiscale Model. Simul., 2016]
o Thermodynamic limit problems
[Chen, Lu, Ortner. Arch. Rat. Mech. An., 2018],
[Ortner, JT. Math. Model. Methods Appl. Sci., 2020]
o Ey(r)~ Zyzo Zel,...,en# V”N(rMN S "a’n)v
o e.g. Linear Atomic Cluster Expansion (ACE)

@ There exists ©p “universal” with

Ef(r) ~ eN(‘blv SRR d)N)

where ¢, are linear body-ordered.
o Nonlinear ACE
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Body-Ordered Approximations of Atomic

_ Properties
Also in the paper:

. . JACK THOMAS®, HUAJIE CHEN & CHRISTOPH ORTNER
@ Classical vacuum cluster expansion

[reasons for slow convergence]

@ Analysis of bond-order potentials (BOP),
[Recursion method with possibly different terminators]

o (partial) Justification for linear-scaling spectral Gauss

quadrature,
[Approximation of p = F (H[p]) with py = Fn(H[pn])]

@ Truncation operators and connection to divide-and-conquer
methods
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What we couldn’t prove (yet?):

@ Forces converge in the linear schemes

IE; 8E£’V
8n< 8n<

—Yrek p—nN
<e e

@ But, this is a lot less obvious in the nonlinear schemes
e True if Dy has “regular nt" root asymptotic behaviour’:

1
lim |pn(Z, Dg) n = egSUPPDg(Z)
n—o0

locally uniformly on C \ conv supp Dy

@ "Proof”
OE, OEN
8r,f ory [ZZHPIHLO@(%)E 7]1”]6 2N e ek

n=0 /=0 /iiiﬁy
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o Introduction

e Locality of the density matrix
@ Logarithmic potential theory
@ Schwarz—Christoffel mappings
@ Example

e Site energy decomposition
@ Interatomic potentials
@ Spatial decomposition

e Body-ordered approximations
@ Linear schemes
@ Nonlinear schemes
@ Examples
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Body-ordered approximations

Main idea: Polynomials are body-ordered:
Hee= > HeHee, - He, s E;=e(M)u= [edDy
l1yeiln_1

[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]

|Ec = E| = |[(#) = en(#)] |
< le(®) = en(H)ll oo

= sup |e(z) —en(2)]
z€o(H)

=
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Hee= > HeHee, - He, s Er=e(H)u= [edDy
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[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]

Suppose ¢ ~ ey where ey € Py,
Then, EN = en(H)u

s a body-ordered

approximation to E;
|Ee — | = [[e(H) — en(#)] |
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Body-ordered approximations

Main idea: Polynomials are body-ordered:
Hee= > HeHee, - He, s Er=e(H)u= [edDy
l1yeiln_1

[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]

Suppose ¢ ~ ey where ey € Py,
Then, EN = en(H)u

s a body-ordered

approximation to E;

|Ec = E| = |[e(#) = en(#)] |

Claim:
E — EN| < lle(H) — en(H) |2
e = sup |e(2) — en(2)]
< sup |5(z)_5N(2)| z€o(H)

z€o(H)

“convergence <+ smoothness of &” “-";, Il
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Body-ordered approximations

Main idea: Polynomials are body-ordered:
Hee= > HeHee, - He, s Er=e(H)u= [edDy
l1yeiln_1

[“spatial correlations”, “moments” (H")g = [ x"dDy(x)]

STTTo o TR NGRS VWL EICRSIVESVE/ VR Example: Kernel Polynomial Method

Then, EEN = en(H)w Suppase £(x) = 5" c.P.(x) with [ PoPolMdx = 6pm,
is a body-ordered

approximation to E;
Eq( N Di(x)
Eo—E"| =|le(H) —en(H
. £~ £ = |[00) — en (0],
N < lle(H) —en(M)ll e
|Ee— E/| _ _
= sup |e(z) —en(2)|
< sup [e(z) —en(2)| z€a(H)
zeot) Then

“ " v
convergence < smoothness of ¢ [Silver et al. J. Comp. Phys. 124 (1996)] \Y2




Y =[-1,a]U[b, 1] Green's function problem

Find g5 s.t.
Define gy (z) := ReGx(z) where o Ags —0onC\ T,
o gs(z) ~log|z| as z — oo,
@ gs =0o0n%.
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Y =[-1,a]U[b, 1] Green's function problem

Find g5 s.t.
Define gs(z) := ReGs(z) where @ Ags =00nC\ I,
g C—z3 e gy(z) ~log|z| as z — o
G sats() = | dg,  ©exlz)~log '
o) = | ST ST e 0on

for some z3 € [a, b]

z3 € [a, b] s.t. Gs(a) = Gs(b) = ir
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Spectrum of the Hamiltonian
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Spectrum of the Hamiltonian

{0: [rdef] < Ryee}  finite
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Spectrum of the Hamiltonian: Insulators

o(H(r)) = !
(—— |

O.(H(rdef)) — |

N | | | | Hng>II (1 | | |
|
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Spectrum of the Hamiltonian: Insulators Locality:
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Spectrum of the Hamiltonian: Insulators Locality:

9E(r) ol rex
‘ 8rk = ¢
7 ((r)) - :
(—— |
| n~g
o (H(rdeh) =

|
I L1 1 | | [4———>1 | {1 | | |
g

w Improved estimate:



SIAM Review (© 1999 Sociery fo Industrsland Applied Mthemtics

Vol. 41, No. 4, pp. 745-761

Green’s Functions for Multiply
Connected Domains via
Conformal Mapping*

Mark Embree ¥
Lloyd N. Trefethen 1§

Hlustration of the overconvergence phenomenon of Theorem 2(b) and Theorem 4. On the
same two-polygon region as in Figure 3, a polynomial p(z) is sought that approzimates the
values —1 on the hexagon and +1 on the square. For this figure, p is taken as the degree-29
near-best approzimation defined by interpolation in 30 pre-images of roots of unity in the
unit circle under the conformal map z = ®~1(w) (egs. (8) and (9)); a similar plot for the
exactly optimal polynomial would not look much different. The figure shows Rep(z) by a
blue-red color scale together with the polygons, the interpolation points, and the figure-8-
shaped critical level curve of the Green’s function. Not just on the polygons themselves, but
throughout the two lobes of the figure-8, Rep(z) comes close to the constant values —1 and
+1. Qutside, it grows very fast.
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Vacuum cluster expansion

E: U {{n, ....,r} CR3} 5 R
Vo = E(0)
Vi(r) = E({n}) — E(0)
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Vacuum cluster expansion
o0

Vi(n) = E{n}) — E(0)
Va(ri, n) = E({n, r}) — E({n}) — E({r2}) + E(D)
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Vacuum cluster expansion
o0

Vi(n) = E{n}) — E(0)
Va(ri, n) = E({n, r}) — E({n}) — E({r2}) + E(D)

Wn(r,...om) = Y. ()N HE(K)

Kg{rl »»»» rN}

N

E({n,...,n}H) =~ Z Z Vo(rj, ..., r,)

n:Oj1<...<jn
Exact for N = J.



Vacuum cluster expansion

E: U, {{rl,...,rJ} CR3} - R
Vo = E(0)
Vi(r) = E({ri}) - E(0)
Va(r, r) = E({n, r}) — E{n}) — E({r2}) + E(D)
: “An intuitive explanation for this

slow convergence is that we are
building an interaction law for a

Wn(r,...om) = Y. ()N HE(K)

Ketr o} condensed or possibly even
Then, crystalline phase material from
N clusters in vacuum where the
E{n,....r}) = Z Z Va(ljys oo 15,) bonding chemistry is significantly
n=0 j1<--<jn different.”
Exact for N = J.
Convergence? Rate of convergence? Not clear! /ﬁ; vil
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Vacuum cluster expansion
E: U {{n, ....,r} CR3} 5 R
Vo = E(0) Replace V,, with V,n

Vi(n) = E{n}) — E(0)
Va(ri, n) = E({n, r}) — E({n}) — E({r2}) + E(D)

“An intuitive explanation for this
slow convergence is that we are
building an interaction law for a

Wn(r,...om) = Y. ()N HE(K)

Ketr o} condensed or possibly even
Then, crystalline phase material from
N clusters in vacuum where the
E{n,....r}) = Z Z Va(ljys oo 15,) bonding chemistry is significantly
n=0 j1<--<jn different.”
Exact for N = J.
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Numerical experiments: “defect-free”

@ Approximation domain E; = [-1,—0.2] U[0.2,1]
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e
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ST nc S Rl (L 1 O i PPN
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— ”“M =P e (Ex)
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Numerical experiments: with defect

@ Approximation domain E; = E; U [—0.06, —0.03]

10’
107
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|_|LJ 10 — .. — Chebyshev projection: ¢ ™ ¥
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—.— Predicted for £y ¢ N
R el i P
oo 167 = L2 P o
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—_— f|1-” —Ix, F?|dD
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7y 50 100 150 “:I I
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Maximum entropy method

e Fix [a, b] D o(H), maximise

S(P) = — / ’ [P(x) log P(x) — P(x)]dx + Z An ( / P(x)dx — [H"]a>

@ Leads to
N n .
Pr(x) = e~ 2n=0AnX s.t. first N moments

@ Moreover, if {(H")s} is completely monotone, then 3!P.
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Nonlinear schemes: Recursion method

o Let {pn} orthogonal polynomials with respect to Dy:

bat1Pn+1(x) = (X — an)pn(x) — bnpn-1(x) [Lanczos recursion]
define
ao b1
N > T _ . .
s | ([ ma0i0)
bn an
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Nonlinear schemes: Recursion method

o Let {pn} orthogonal polynomials with respect to Dy:

bat1Pn+1(x) = (X — an)pn(x) — bnpn-1(x) [Lanczos recursion]
define
ao b1
N > T _ . .
s | ([ ma0i0)
bn an

@ [H"ee = [(Tn)"]oo for all n < 2N +1,
° Dév — spectral measure of Ty s.t. EZN =e(Tn)oo
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Nonlinear schemes: Recursion method

o Let {pn} orthogonal polynomials with respect to Dy:

bat1Pn+1(x) = (X — an)pn(x) — bnpn-1(x) [Lanczos recursion]
define
ao b1
N > T _ . .
s | ([ ma0i0)
bn an

@ [H"ee = [(Tn)"]oo for all n < 2N +1,
° Dév — spectral measure of Ty s.t. EZN =e(Tn)oo

|E(r)—E)(n| <2 inf e €2N+1||Loo(a(y)uSupp(D;V))

ean+1€Pan+1 “:
"



If supp(Dy) N [a, b] = 0, then |supp(D}) N |a, b]| <1

|Eo(r)— EN(r)| <2 inf

ean+1€Pan+1

e - €2N+1HL°°(0(H)USUPI’(D’§V))
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<1

e — eani1 HLOO(U(H)USUPI’(D?/))

inf
ean+1€Pan+1

(N <2

N
4

=
3,
C
—~
=
Q
N—"
(@)
(@F
—
S

, then
|Eq(r) —

If supp(Dy) N [a,b] =0




Nonlinear schemes: Gauss quadrature

o Let {pn} orthogonal polynomials with respect to Dy,
e Interpolate in X := {zeros of pyy1},
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Nonlinear schemes: Gauss quadrature

Let {pn} orthogonal polynomials with respect to Dy,
Interpolate in X := {zeros of pyi1},
. N
EzN = Ej:O i (H)eoe(x5),
Can show w; = {j(H)y > 0and ) jwj =1 =

N .
‘Eg(r) B EZ (r)‘ = 252N+1|27f’2N+1 HE a €2N+1HL°°(U(H)USHPP(D£V))

o Can show that E}Y = ©(H, ..., (H*N 1)) where
©: C?N+1 _; C is analytic in open neighbourhoods of
"admissible moment sequences”



Numerical Experiments
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Numerical Experiments
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@ Schrodinger eq. ~» Kohn—-Sham equations
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(Kohn-Sham) Density Functional Theory

e Notation: (ry, Z;) position and species of atom ¢,

@ Schrodinger eq. ~» Kohn—-Sham equations

WSy = (= 38+ Vel p))wn(x) ) = 3 Ol
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@ Schrodinger eq. ~» Kohn—-Sham equations
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(Kohn-Sham) Density Functional Theory

e Notation: (ry, Z;) position and species of atom ¢,

@ Schrodinger eq. ~» Kohn—-Sham equations

WSy = (= 38+ Vel p))wn(x) ) = 3 Ol
VEff(X;p) = / ‘;(_yz/‘ Z ’ + VXC(X p)
o Energy

EfSll =) F(An)An+

=4,



DFT

@ Schrodinger eq. ~ Kohn-Sham equations

/HKS'QZ)n = (_ %A + Veff(X; p))¢n(x) = )\nwn(x)a Z F W}n

p(y) Zm
Vet (Xx; p) = / = y|dy — Z m + Vie(x; p),
m m

o Energy

BT = 3 A ) - [ p) Vet
Bl + 2 //p( 'O(Y)d vz ) gt Ezy

|x — rm|

/ﬁ:ﬁms



Aside: Metals at zero temperature

Periodic systems:

A= 3 / F(em) 0 el lumilje ) dk

eigenvalues (eV)

N7

ﬁ
x
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~
=
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Aside: Metals at zero temperature

Periodic systems:

A= 3 / F(em) 0 el lumilje ) dk

3

Decay rate depends on the curvature of the Fermi surface é

(S = {enk =cr}): i!’,
e.g. Free electron gas: IF(H)ij| S ry /

ﬁ
x
=
—
~
=
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Aside: Metals at zero temperature

Periodic systems:

A= 3 / F(em) 0 el lumilje ) dk

Decay rate depends on the curvature of the Fermi surface

(S = {Emk = 5F}):

eigenvalues (eV)

e.g. Free electron gas: |F(H)ij| <

~ Tij

N7

ﬁ
x
=
—
~
=

More generally, S has 1 < k < d — 1 non-zero principal
curvatures at points with normal in the direction %(r; — r;) then

—[5+1]
U~

F(H)jj
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